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Abstract
Let K be an extension of Qp with absolute ramification index 1 < e  p − 1. Let R =OK and
let k be the residue field of R. We show that any monogenic finite abelian local Hopf algebra with
local dual lifts to R, and we construct all such lifts. For H an R-Hopf algebra arising from one of
these lifts, we realize SpecH as the kernel of an isogeny of one-dimensional formal groups. We then
obtain a complete list of fields L for which L/K is an H ⊗K-Galois object.
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1. Introduction
Let p > 0 be a prime, and let K be an extension of Qp with ramification index e. Let
R =OK be the ring of integers of K with maximal ideal m and residue field k. Suppose
K has “low ramification,” i.e. 1 e  p − 1. This paper is concerned with finite abelian
(that is, commutative and cocommutative) R-Hopf algebras which are monogenic (that is,
generated as an R-algebra by a single element) where K has low ramification. Specifically,
we do the following:E-mail address: akoch@agnesscott.edu.
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(2) Calculate PH(H), the group of isomorphism classes of extensions S/R which are
H -Galois objects for the Hopf algebras found above.
Actually, the case where e = 1 is already known: the monogenic Hopf algebras are
classified in [11] and the calculation of PH(H) is found in [12]. The classification of such
Hopf algebras over k was accomplished using Dieudonné modules, which were then lifted
(when possible) to W(k), the ring of Witt vectors with coefficients in k, using finite Honda
systems, thereby completing the task. To lift H to R is to find a finite flat R-Hopf algebra
H˜ such that H˜ ⊗R k ∼= H . Under what conditions on H does such an H˜ exist? Any finite
abelian Hopf algebra H decomposes as
H ∼= Hss ×Hsl ×Hls ×Hll
where Hss is a separable Hopf algebra with separable dual, Hsl is separable with local dual,
Hls is local with separable dual, and Hll is local with local dual [21, p. 52]. Any separable
Hopf algebra Hs satisfies Hs ⊗k k = kG where k is the algebraic closure of k. Since kG
lifts to W(k), the ring of Witt vectors with coefficients in k, and the question of lifting
is preserved under base change [18, 2.2], it is clear that Hs lifts to W(k). Since lifting
preserves duality it is clear that any Hopf algebra of the form Hss ×Hsl ×Hls lifts to W(k),
and hence to any discrete valuation ring with residue field containing k.
Thus the only situation where lifting is in question is when H contains a sub-Hopf
algebra H0 which is local with a local dual. We will refer to such an H0 as local–local.
There are many examples of local–local Hopf algebras which do not lift to W(k), one
example being the unique simple finite abelian local–local Hopf algebra k[x]/(xp) where x
is primitive [20, p. 21]. While k[x]/(xp) fails to lift over W(k), it does lift over any ramified
extension of W(k). Indeed, the key to constructing these “Tate–Oort Hopf algebras” is to
obtain factorizations p = ab where a, b ∈ m. This suggests that ramification makes it easier
to lift Hopf algebras – further evidence of this idea can be found in [4].
It has been known for some time that given a finite abelian Hopf algebra H over k there
exists a discrete valuation ring R such that H lifts to R [18, 5.1]. Here we will see that in
the monogenic case any R will do provided the ramification is low but greater than 1. This
includes, for example, the case where R = W [ζp] where W = W(k) and ζp is a primitive
pth root of unity. While we do not obtain an exact count on the number of lifts, we will
find all monogenic R-Hopf algebras which are lifts of local–local k-Hopf algebras.
It is a consequence of [19, p. 69, Corollary 2] that, when p  5, any (finite abelian)
Hopf algebra lifts to a discrete valuation ring R over W(k) whenever the ramification
index satisfies 1 < e  p − 1. In Corollary 4.2 this will be extended to all p in the case
where the Hopf algebra is monogenic, and we will construct all such lifts.
The group PH(H) can be found by realizing G = SpecH as the kernel of an isogeny
of formal groups – this is called a smooth resolution for G. That one-dimensional smooth
resolutions exist is shown in [1, Theorem A], however we will take a different approach
here that takes advantage of the simple Dieudonné module structures of the Hopf algebras
we are working with. In the case where R = W(k) this was accomplished using two iden-
tical one-dimensional formal groups [12], and the isogeny was simply [pn] for some n.
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not always be isomorphic. It is perhaps still possible that a smooth resolution exists with
isomorphic formal groups, but finding such a resolution will not be necessary for our pur-
poses.
The tool for constructing the lifts and the smooth resolutions will be the theory of both
free and finite Honda systems. Fontaine developed the theory of Honda systems in [7]
in the case where R = W(k). Since then the theory has been extended to W(k)-algebras
with (at least low) ramification by Breuil, Conrad, and Roubaud [2,5,19], each of whom
used a slightly different generalization; and in [8] Fontaine did his own generalization for
formal groups. We will follow the approach of Conrad (and Fontaine). The theories of
Conrad and Breuil agree for e  p − 1, however the description of the Conrad theory is
more explicit, and since our modules come from monogenic Hopf algebras the explicitness
makes it easy to do computations. Also, Conrad’s theory is completely compatible with
Fontaine’s, facilitating the smooth resolution calculations. Roubaud’s theory, on the other
hand, uses the theory of crystalline Dieudonné modules as found in [16], and can also
be used for these calculations, as stated in [5, p. 241]: “The approach in [19], on the other
hand, is useful in the study of lifting questions for a single fixed group scheme.” Roubaud’s
theory is very naturally tied into the notion of smooth resolutions, however it is this fact
that also leads to a complication: the Hopf algebras constructed using this theory can only
be described in terms of the smooth resolutions. The theory of Conrad gives an explicit
description of these Hopf algebras (actually, of their associated group schemes).
One drawback to using Conrad’s theory is that we must have e  p − 1. It is our hope
in the future to use the theory of Breuil to obtain results when there is higher ramification.
We start with a brief introduction to Dieudonné modules and Honda systems. Because
our Hopf algebras are monogenic, the Dieudonné module structure is fairly simple: since
the Vershiebung acts like a power of the Frobenius (up to a scalar multiple), an element of
the Dieudonné module corresponding to the k-Hopf algebra H can be viewed as an element
of the non-commutative polynomial ring k[F ] of degree at most n, where dimk H = pn.
We then compute the finite R-Honda systems associated to a given Hopf algebra, thereby
classifying all of its lifts. After this we show how, given a lift H˜ of H , to lift a suitably
chosen smooth resolution for SpecH so that we obtain Spec H˜ as the kernel of the lifted
isogeny. Finally, we use these results to compute PH(H), and determine when an extension
of fields L/K is H ∗ ⊗R K-Galois.
Throughout this paper, all Hopf algebras are assumed to be finite, abelian, and local–
local; and all unadorned tensors are over W(k). In addition, unless otherwise specified a
formal group will be assumed to be a smooth connected one-dimensional formal group.
We fix the following for the rest of the paper:
• k – a perfect field of characteristic p > 0 with Witt vectors W = W(k).
• Q(k) – the field of fractions of W(k).
• K – an extension of Q(k) with ramification index e p − 1.
• R =OK – the ring of integers of K .
• m – the maximal ideal of R.
• π – a fixed uniformizing parameter of m.
• u – the element in R× with πe = up.
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• G, H , etc. – reduction mod m.
• G˜, H˜ , etc. – objects over k lifted to R.
2. Dieudonné modules and Honda systems
Let H be a k-Hopf algebra, and let G = SpecH . Let W = W(k) be the ring of
Witt vectors with coefficients in k as defined in [10, p. 128]. Let E be the ring of non-
commutative polynomials W [F,V ] subject to the relations FV = VF = p, Fw = wσF ,
and wV = Vwσ for w ∈ W , where wσ is the Frobenius applied to each entry of w. Let
D∗(G) be the group of k-group scheme homomorphisms from G to CWk , the k-group
scheme of Witt covectors as defined in [6]. D∗(G) has an E-module structure induced
from the actions of F and V on CWk , and is called the Dieudonné module for G. There
is a one-to-one correspondence between finite commutative connected unipotent group
schemes and finite length E-modules killed by a power of F and V . We will use the term
“finite Dieudonné module” to refer to such finite length E-modules. Furthermore, there
is a one-to-one correspondence between formal groups and finitely generated E-modules
where V acts injectively: we will refer to these as “free Dieudonné modules”, however it
should be pointed out that they are free as W -modules but not at E-modules. Also, the
reader should keep in mind that there are other generalizations of Dieudonné modules,
such as for p-divisible groups or groups not necessarily connected and unipotent, but such
generalizations will not be considered here.
If C is the representing algebra for CWk , note that the elements of D∗(G) are in one-
to-one correspondence with the Hopf algebra maps C → H . Thus we can identify D∗(G)
as a subgroup of the group of all algebra maps C → H , which is just CWk(H). One can
check that the actions of F and V are preserved under this identification, hence we can
view D∗(G) as a submodule of CWk(H), which will be necessary later.
In [5] the notion of both free and finite Honda systems are generalized to low ramifi-
cation. We will now describe this theory. Let M be any Dieudonné module. Let M(1) =
W ⊗W M , where W is viewed as a W -module via σ , i.e. w ⊗ m = 1 ⊗ wσm. Let MR be
the R-module given by (R ⊗M ⊕ p−1m ⊗M(1))/I, where
I = {(y − (1 ⊗ F)z, z − (p−1 ⊗ V )y) ∣∣ y ∈ m ⊗M, z ∈ R ⊗M(1)}.
We will typically write expressions of the form (r ⊗ m,s ⊗ m1) to denote elements of
MR in spite of the fact that elements of MR are equivalence classes. This should not lead
to confusion since we will rarely consider elements of (R⊗M)⊕ (p−1m⊗M(1)) directly.
To see that this MR is a generalization of M for low ramification, consider the case
where e = 1. Then p−1m ⊗ M(1) = W ⊗ M(1) ∼= M(1). If we set y = 0 we have that
(−Fz, z) ∈ I and hence (0, z) = (Fz,0) in MR for all z ∈ M(1), and hence MR is naturally
isomorphic to M .
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“inclusion” map (F is not necessarily injective, as we shall see), and
V(r ⊗m,s ⊗m1) = r ⊗ Vm+ ps ⊗m1, r, s ∈ R, m ∈ M, m1 ∈ M(1).
(The reader should check that V is well-defined.) The F and V are analogous to the Frobe-
nius and the Vershiebung in the characteristic p case: notice that
VF(s ⊗m1) = V(0, s ⊗m1) = p(s ⊗m1),
FV(r ⊗m,s ⊗m1) =F(r ⊗ Vm+ ps ⊗m1) = (0, r ⊗ Vm+ ps ⊗m1)
= (pr ⊗m,ps ⊗m1) = p(r ⊗m,s ⊗m1)
with the first equality in the last line following because (0, r ⊗Vm) = (pr ⊗m,0), as can
be readily seen by setting y = pr⊗m and z = 0 in the definition of I. Thus the composition
of these two maps is multiplication by p, however here FV = VF of course.
A free R-Honda system (or a free Honda system over R) is a pair (L,M) where M
is a finitely-generated free Dieudonné module and L is an R-submodule of MR such that
the canonical map L/mL → cokerF is an isomorphism. Each formal group over R corre-
sponds to such a free Honda system and is a lift of the formal group associated to M .
Similarly, a finite R-Honda system is a pair (L,M) where M is a finite Dieudonné
module and L is an R-submodule of MR such that
(1) L∩ kerV = 0,
(2) the canonical map L/mL → cokerF is an isomorphism.
In the case where R = W we saw that MR ∼= M in an obvious way, and under that
isomorphism V acts as V and F acts as F , so clearly a finite (respectively free) W -Honda
system is simply a finite (respectively free) Honda system in the sense of [7].
There is a one-to-one correspondence between finite R-Honda systems and R-Hopf
algebras which we will now describe. For any R-algebra S, let CWk,R(S) := (CWk(S))R .
Since
(
0,p−1πr ⊗ V c)= (πr ⊗ c,0)
for all r ∈ R and c ∈ CWk(S), and since for all such c there exists a c′ ∈ CWk(S) such that
c = V c′ (explicitly if c = (. . . , c−2, c−1, c0) we let c′ = (. . . , c−2, c−1, c0,0)), then for all
y ∈ p−1m ⊗ CWk(S)(1) there exists a y′ ∈ R ⊗ CWk(S) such that (0, y) = (y′,0). (This
fact is also a consequence of [8, IV, 2.5] for any M with VM = M – we chose to include
this argument because the explicit calculation of the y′ will be used in an example later.)
Thus there is a canonical surjection R ⊗ CWk(S) → CWk,R(S).
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analogue of the wS found in [7] – that is
wS
(
1 ⊗ (. . . , c−2, c−1, c0)
)= ∞∑
n=0
p−nc˜p
n
−n mod mS
where c˜ is a lift of c to S. It is easy to check that this map does not depend on the choice of
lift for c. Putting this map together with a section of the canonical surjection above gives us
a map w′S : CWk,R(S) → (S ⊗K)/mR – again it is easy to check that this is well-defined.
Given an R-Hopf algebra H , the associated R-Honda system is (L,M), where M =
D∗(H) and L = kerw′H |M , MR viewed as a submodule of CWk,R(H) (since M can be
viewed as a submodule of CWk(H)). Conversely, given a finite Honda system (L,M) we
can describe the associated Hopf algebra H in terms of its group scheme G = SpecH : for
any finite flat R-algebra S we have
G(S) = {s ∈ G(S) ∣∣ CWk,R(s)(L) ⊂ kerw′S}.
There is a similar correspondence between free R-Honda systems and formal groups
over R, which we will not describe here – see [8, Chapter 4] for details.
A morphism of R-Honda systems (free or finite) (L,M) → (L′,M ′) is an E-module
map φ :M → M ′ such that φR(L) ⊂ L′, where φR :MR → M ′R is the isomorphism induced
by φ.
3. Monogenic Hopf algebras
We will now apply the theory of finite Honda systems to the case where the associated k-
Hopf algebra H is monogenic. By [21, p. 112] we know that H ∼= k[x]/(xpn) for some n.
Such Hopf algebras are completely described in [11] using Dieudonné modules: any k-
Hopf algebra of dimension pn has Dieudonné module structure M = E/E(Fn,αF r − V )
for some α ∈ k× and 1 r  n. The comultiplication can be recovered very quickly from
the Dieudonné module – see [12, p. 412] for the explicit calculations. From this point
until the end of the paper, the element x ∈ M will represent the image of 1 ∈ E under the
canonical projection E → M .
We start by calculating MR . Notice how the simple Dieudonné module structure leads
to a reasonably simple structure for MR .
Proposition 3.1. Let M = E/E(Fn,αF r − V ). Then MR has k-basis
S = {(1 ⊗ x,0), (0,p−1πi ⊗ Fjx), (0,p−1πe ⊗ F lx)}
with 1 i  e − 1, 0 j  n− 1, and 0 l  n− 2.
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S′ = {(πi−1 ⊗ Fjx,0), (0,p−1πi ⊗ Fjx) ∣∣ 1 i  e, 0 j  n− 1}
is a generating set for M . Recall that MR = ((R ⊗M)⊕ (p−1m ⊗M(1)))/I, where
I = {(y − (1 ⊗ F)z, z − (p−1 ⊗ V )y) ∣∣ y ∈ m ⊗M, z ∈ R ⊗M(1)}.
If we take y = πi ⊗ Fjx and z = 0 for i  1 and any j we get
(
πi ⊗ Fjx,−p−1πi ⊗ αpj F r+j x) ∈ I
so (πi ⊗Fjx,0) is a scalar multiple of (0,p−1πi ⊗Fj+rx) (in MR , of course). Similarly,
if we take y = 0 and z = −1 ⊗ Fj−1x for any j  1 we get(−1 ⊗ Fjx,1 ⊗ Fj−1x) ∈ I
and hence (1⊗Fjx,0) is a scalar multiple of (0,1⊗Fj−1x). Notice that if j = n here we
also get that (0,1 ⊗ Fn−1x) is a scalar multiple of (1 ⊗ Fnx,0) = (0,0) (this shows that
the “inclusion” F is not injective). Because of these relations we may discard elements in
S′ of the form (πi ⊗Fjx,0) for i > 0 and (1⊗Fj+1x,0) along with (0,p−1πe ⊗Fn−1x)
and still get a generating set. The result follows by [5, 2.2], or it can be checked directly
that S is k-linearly dependent. 
Corollary 3.2. With M as above we have dimk MR = en.
The above proposition makes it easy to compute cokerF , which we recall is important
in creating finite R-Honda systems.
Corollary 3.3. With M as above we have that {(1 ⊗ x,0) mod F(MR)} is a basis for
cokerF .
4. Monogenic Hopf algebras in characteristic zero
We are now in a position to find all lifts for a given monogenic Hopf algebra.
Theorem 4.1. Let M = E/E(Fn,αF r − V ), and let n = s(r + 1)+ t , 0 t  r . Let L be
the R-submodule of MR generated by z, where
z =
(
1 ⊗ x,
r∑
p−1πaj ⊗ Fjx
)j=0
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t = 0 (i.e. r + 1 divides n) or
v(at−1) < min
j<t−1
{
v(aj ), e − 1
}
.
Remark. Of course, every element z′ ∈ MR is of the form z′ = az for a ∈ R and z =
(1 ⊗ x,∑rj=0 p−1πaj ⊗ Fjx) for some aj ∈ R. Clearly if a /∈ R× then (Rz′,M) cannot
determine an R-Honda system since the image of z′ mod m would be zero, so Rz′/mRz′ →
cokerF would not be an isomorphism. Thus this theorem, when proved, will provide all
L’s such that (L,M) is a finite R-Honda system.
Proof. Regardless of the conditions on the aj we have that
z = (1 ⊗ x)+F
(
r∑
j=0
p−1πaj ⊗ Fjx
)
,
so the canonical map L/mL → MR/mMR → cokerF sends z to (1 ⊗ x,0) mod F(MR).
Thus (L,M) is a finite R-Honda system if and only if V(az) = 0 for all a ∈ R such that
az = 0.
Suppose first that t = 0. Since ps kills M it also kills MR . Thus it suffices to show that
V(ps−1πe−1z) = 0. We have
ps−1πe−1z = ps−1
(
πe−1 ⊗ x,
r∑
j=0
p−1πeaj ⊗ Fjx
)
= ps−1
(
πe−1 ⊗ x,
r∑
j=0
p−1πeaj ⊗ Fjx
)
=
(
ps−1πe−1 ⊗ x,
r∑
j=0
p−1πeaj ⊗ αjF (s−1)(r+1)+j x
)
=
(
πe−1 ⊗ ps−1x,
r∑
j=0
p−1πeaj ⊗ αjF (s−1)(r+1)+j x
)
for some choice of α0, α1, . . . , αr ∈ k×. Thus for some α′ ∈ k× we have
V(ps−1πe−1z)= V(πe−1 ⊗ ps−1x, r∑
j=0
p−1πeaj ⊗ αjF (s−1)(r+1)+j x
)
= πe−1 ⊗ ps−1V x +
r∑
πeaj ⊗ αjF (s−1)(r+1)+j x
j=0
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r∑
j=0
uaj ⊗ αjF (s−1)(r+1)+jpx
(
α′′ ∈ k×)
= πe−1 ⊗ α′F (s−1)(r+1)+rx +
r∑
j=0
uaj ⊗ α′jF s(r+1)+j x
(
α′j ∈ k×
)
= πe−1 ⊗ α′Fn−1x = 0
since n = s(r + 1). Thus (L,M) is a finite R-Honda system.
Suppose now that t = 0. Let e′ = v(at−1), and suppose e′ < minj<t−1{v(aj ), e − 1}.
We first claim that psπe−e′−1z = 0. We have
psπe−e′−1z = ps
(
πe−e′−1 ⊗ x,
r∑
j=0
p−1πe−e′aj ⊗ Fjx
)
= ps
((
0,p−1πe−e′−1 ⊗ αF rx)+(0, r∑
j=0
p−1πe−e′aj ⊗ Fjx
))
= (0,p−1πe−e′−1 ⊗ α′F s(r+1)+rx)+(0, t−1∑
j=0
p−1πe−e′aj ⊗ αjF s(r+1)+j x
)
where again α′, α0, . . . , αt−1 are nonzero scalars in k. Since s(r + 1)+ r  n the first term
on the right-hand side is zero. Since v(πe−e′aj )  e + 1 for all j < t − 1 we have that
(0,πe−e′aj ⊗αjF s(r+1)+j x) = (0,0) in all of these cases. Finally, since v(πe−e′at−1) = e
we have that (0,p−1πe−e′−1at−1 ⊗ αt−1Fn−1x) = (0,0) and the claim is proved.
We can quickly show that V(psπe−e′−2z) = 0. For some α′, α′′, α0, . . . , αt−1 ∈ k× we
have
V(psπe−e′−2z) = V
((
πe−e′−2 ⊗ α′F s(r+1)x,0)
+
(
0,
t−1∑
j=0
p−1πe−e′−1aj ⊗ αjF s(r+1)+j x
))
= πe−e′−2 ⊗ α′′F s(r+1)+rx +
t−1∑
j=0
πe−e′−1aj ⊗ αjF s(r+1)+j x
= πe−e′−1at−1 ⊗ αt−1Fn−1x = 0
since v(πe−e′−1at−1) = e − 1. Thus psπe−e′−2z /∈ kerV and (L,M) is a finite R-Honda
system.
It remains to show that, if v(at−1)  minj<t {v(aj ), e − 1}, we do not have a finite
R-Honda system. Suppose first that there exists a j ′ < t − 1 with v(aj ′) < e − 1 and
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above we get (as usual α′, αj ∈ k× for all j )
psπe−e′′−1z = (0,p−1πe−e′′−1 ⊗ α′F s(r+1)+rx)
+
(
0,
t−1∑
j=0
p−1πe−e′′aj ⊗ αjF s(r+1)+j x
)
=
(
0,
t−1∑
j=0
p−1πe−e′′aj ⊗ αjF s(r+1)+j x
)
= (0,0)
since v(πe−e′′aj ′) = e. But we have
V(psπe−e′′−1z)= V(0, t−1∑
j=0
p−1πe−e′′aj ⊗ αjF s(r+1)+j x
)
=
t−1∑
j=0
πe−e′′aj ⊗ αjF s(r+1)+j x = 0
since v(πe−e′′aj )  e for all j < t . Thus psπe−e
′′−1z ∈ kerV and (L,M) is not a finite
R-Honda system.
Finally, suppose v(at−1) e − 1 and v(aj ) e for all j < t − 1. Then
psz = (1 ⊗ psx,0)+(0, t−1∑
j=0
p−1πaj ⊗ αjF s(r+1)+j x
) (
αj ∈ k×
)
= (1 ⊗ psx,0)
by the hypotheses on the valuations of the aj ’s. Clearly psz = 0 since psz = (1 ⊗
α′F s(r+1)x,0) = (0,p−1πeu−1 ⊗ α′F s(r+1)−1x). Applying V gives, for α′ ∈ k×,
V(psz)= V(1 ⊗ psx)= 1 ⊗ Vpsx = 1 ⊗ psαF rx = 1 ⊗ α′F (s+1)(r+1)−1x = 0
since s(r + 1) + r  n. Thus in this case (L,M) is not a finite R-Honda system, proving
the theorem. 
The theorem above extends [19, Corollary 2, p. 69] to all primes in the case where H is
monogenic.
Corollary 4.2. Let H be a monogenic k-Hopf algebra. Let K be an extension field over
Q(k) with 2 e(K/Q(k)) p − 1. Then H lifts to OK .
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module for the unique simple finite commutative connected unipotent group scheme αp .
Here n = r = 1, s = 0, and t = 1. Thus each L that makes (L,M) a finite R-Honda system
is generated by an element of the form (1 ⊗ x,p−1πc ⊗ x), where v(c) < e − 1. We can
see that lifts of αp to R correspond to elements a = πc ∈ R with 1  v(a)  e − 1, i.e.
nontrivial factorizations of p in R. We shall denote such a choice of L by Lc.
We will compute the associated Hopf algebra Hc to (Lc,M). Let Gc = Spec(Hc). For
any finite flat R-algebra S we have Gc(S) = αp(S) = {s ∈ S | s¯p = 0}. Each s ∈ αp(S)
gives a k-algebra map φs :Hc → S, so we see that
Gc(S) =
{
s ∈ S ∣∣ CWk,R(φs)(1 ⊗ x,p−1πc ⊗ x) ∈ kerw′S}.
To investigate this further it is necessary to view elements in CWk(S). We will adopt
the following convention: for d = (. . . ,0,0, d−n, . . . , d0) ∈ CWk(S) we will suppress the
leading zeros and write d = (d−n, . . . , d0). Now clearly
Gc(S) =
{
s ∈ S ∣∣w′S(1 ⊗ (s˜),p−1πc ⊗ (s˜))= 0 mod mS}
where s˜ is a lift of s to S, viewed as an element in CWk(S). Recall that(
1 ⊗ (s˜),p−1πc ⊗ (s˜))= (1 ⊗ (s˜)+ πc ⊗ (s˜,0),0)
and hence
Gc(S) =
{
s ∈ S ∣∣w′S(1 ⊗ (s˜)+ πc ⊗ (s˜,0),0) ∈ mR}.
Now
w′S
(
1 ⊗ (s˜)+ πc ⊗ (s˜,0),0)= wS(1 ⊗ (s˜)+ πc ⊗ (s˜,0))= s˜ + p−1πcs˜p ∈ S ⊗K.
Let f (x) = x + p−1πcxp . We claim that if there is an s˜i ∈ S such that f (s˜i) ∈ miS,
then there exists an s˜i+1 ∈ S such that f (s˜i+1) ∈ mi+1S and s˜i ≡ s˜i+1 mod m – in fact it is
quite easy to show that if f (s˜i ) = πit for t ∈ S then f (s˜i − πit) ∈ mi+1S. It follows from
this that we may (and will) always pick our lift s˜ = sl of s such that f (sl) = 0. Thus
Gc(S) =
{
sl ∈ S | sl + p−1πc(sl)p = 0
}
.
If we write e′ = v(c) and c = πe′c0, and we let b = −πe−e′−1(uc0)−1, we see that
Gc(S) =
{
sl ∈ S | (sl)p = b(sl)
}
and hence Hc = R[x]/(xp − bx). Since e′ < e − 1 we have that 1 v(b) e − 1, which
is consistent with the results in [20]. The group operation on Gc(S) is given by s1 + s2 =
(s¯1 + s¯2)l .
Of course, different choices of a can lead to isomorphic lifts. We wish to determine
when Lc and Ld give isomorphic lifts. Suppose that c = drp−1 for some r ∈ R×, i.e.
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that φR(Lc) ⊂ Ld . Notice that in R ⊗M(1) we have
1 ⊗ σ(r)x = r ⊗ x
since σ(r) ≡ rp mod p and px = 0. Then
φR(1 ⊗ x, c ⊗ x) =
(
1 ⊗ σ(r)x,p−1πc ⊗ σ(r)x)= (σ(r)⊗ x,p−1πcr ⊗ x)
= (rp ⊗ x,p−1πdrp ⊗ x)= rp(1 ⊗ x, d ⊗ x) ∈ Lc
and hence (Lc,M) ∼= (Ld,M). Conversely, suppose (Lc,M) and (Ld,M) are isomor-
phic. Then there is a map φ :M → M such that the induced map φR :MR → MR has
φ(Lc) ⊂ Ld . Thus we have
φR(1 ⊗ x, c ⊗ x) = (1 ⊗ σ(r)x, c ⊗ σ(r)x)= r ′(1 ⊗ x, d ⊗ x)
where r ∈ R and r ′ ∈ R×. It follows that(
1 ⊗ σ(r)x, c ⊗ σ(r)x)= (rp ⊗ x, cr ⊗ x)= (r ′ ⊗ x, dr ′ ⊗ x)
and hence setting r ′ = rp , gives cx = drp−1x. Thus c ≡ drp−1 mod p, with equality
following since v(c), v(d) e − 1.
Example 4.4. We shall now consider the case e = 1. We again recall that MR is isomorphic
to M here as R-modules – the map is given by (1 ⊗ x,0) → x, (0,1 ⊗Fjx) → Fj+1x. If
t > 0 then no choice of L will result in a finite W -Honda system since it is impossible to
have v(at−1) < e − 1 = 0. If t = 0 then any L generated by z where
z =
(
1 ⊗ x,
r∑
j=0
aj ⊗ Fjx
)
gives a finite W -Honda system. The isomorphism MR → M takes z to g(F ) = x +∑r
j=0 ajF j+1x. Conversely, any g(F ) in the truncated polynomial ring W [F ]/(F r+2)
with g(F ) ≡ 1 mod F will give such an L. Thus we recover the results from [11, 4.2],
where g(F ) was expressed as an invertible element in k[F ]/(Fn) which can be normal-
ized so that its constant term is simply 1.
5. Formal groups and smooth resolutions
Here we will find smooth resolutions for the Hopf algebras we constructed in the pre-
vious section. In order to do this, we must first describe formal groups over R using finite
R-Honda systems.
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it is a result of Lazard [9, Chapter 2, Theorem 2] that two formal groups are isomorphic if
and only if they are of the same height. The Dieudonné module for a formal group of finite
height r is E/E(F r −V ) [14]. When k is not algebraically closed, however, there are more.
Clearly E/E(αF r − V ) for α ∈ k× is a free Dieudonné module, hence it corresponds to a
formal group which we will call Ĝr,α . An explicit description of Ĝr,α can be found in [12,
p. 412]. While there are choices of α and α′ such that Ĝr,α ∼= Ĝr,α′ , it is not always the case.
We will not worry about isomorphism questions here – such questions can be handled using
cohomological techniques as in [9, Chapter 2, Section 3] and a more concrete classification
can be obtained using an argument similar to [13] for free Dieudonné modules.
We now wish to determine M1R := (M1)R when M1 is a free Dieudonné module corre-
sponding to a one-dimensional formal group. The proof of the following is similar to (but
easier than) the proof of (3.1). Throughout the rest of the paper, let y be the image of 1 ∈ E
under the canonical projection E → M1.
Proposition 5.1. Let M1 = E/E(αF r − V ). Then M1R has k-basis
S = {(1 ⊗ y,0), (0,p−1πi ⊗ Fjy) ∣∣ i, j  0}.
Now we are ready to describe the free R-Honda systems. By [12, 5.2] every Ĝr,α lifts
to W(k), hence also to R. However, a complete list of lifts can be found using:
Proposition 5.2. Let Ĝ be the formal group with Dieudonné module M1 = E/E(αF r −V ).
Let
z1 =
(
1 ⊗ y,p−1πr ⊗m)
with r ∈ R and m ∈ M1. Let L1 = Rz1. Then (L1,M1) is a free R-Honda system.
Proof. We simply need to show that the canonical map L1/mL1 → cokerF is an isomor-
phism, which is clear since (1 ⊗ y,p−1r ⊗m) ≡ (1 ⊗ y,0) mod F(M1R). 
As with (4.1), it is clear that any L for which (L,M) is a free R-Honda system must be
of the form above. This gives us a complete set of lifts for any formal group of the form
Gr,α , however once again some of these lifts are isomorphic.
We will now give a smooth resolution for each of our Hopf algebras in low ramification.
This will be accomplished by lifting a suitably chosen smooth resolution of H to R.
Theorem 5.3. Let H be the R-Hopf algebra corresponding to the finite R-Honda system
(L,M) with L generated by z = (1 ⊗ x,∑rj=0 p−1πaj ⊗Fjx) as an R-module and M =
E/E(Fn,αF r −V ). Let G = Spec(H). Then there exist one-dimensional R-formal groups
Ĝ1 and Ĝ2 and an isogeny φ : Ĝ1 → Ĝ2 such that kerφ = G.
Proof. As before, let s and t be the unique integers such that n = s(r + 1) + t , 0 t  r .
If t = 0 it is already known that a smooth resolution exists over W [12, 5.4] which we can
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smooth resolution for G over R we will find a smooth resolution for G over k and lift it
to R. Finding the resolution over k can be accomplished easily using Dieudonné modules.
If we let M1 = E/E(αF r − V ) we have
0 → FnM1 → M1 → M → 0
is a short exact sequence of E-modules. Now M1 represents a formal group, namely Ĝr,α .
Also, clearly FnM1 ∼= M1 as E-modules, so M2 := FnM1 is a formal group which is
isomorphic to Ĝr,α .
In order to lift this resolution, we need to find a R-submodules L1 and L2 of M1 and
M2, respectively, such that (Li,Mi) is a free R-Honda system for i = 1,2, L2 ⊂ L1, and
cokernel of the inclusion map (L2,M2) → (L1,M1) is (L,M). Let
z1 =
(
1 ⊗ y,
r∑
j=0
p−1πaj ⊗ Fjy
)
∈ M1R
and let L1 = Rz1. By (5.2) we know that (L1,M1) is a free R-Honda system.
Since t > 0 we know that e′ := v(at−1) < minj<t−1{v(aj ), e − 1}. Let take z2 =
psπe−e′−1z1. Then, for some α ∈ k× we have
z2 =
(
πe−e′−1 ⊗ α′F s(r+1)y,
r∑
j=0
p−1πe−e′aj ⊗ αjF s(r+1)+j y
)
.
Note that by the exactness of the functor M → MR we have that M2R = ker prR .
Furthermore, that prR(z2) = 0 follows from the proof of (4.1) if we substitute z1 for
z in the proof that psπe−e′−1z = 0. Thus z2 ∈ M2R and hence z2 ∈ M2R ∩ L1. Let
L2 = Rz2 ⊂ M2R ∩ L1. By an argument similar to (5.2) (except that in this case cokerF
has k-basis {(1⊗Fny,0)} since M2 = FnM1) we get that (L2,M2) is also a free R-Honda
system.
It remains to show that the cokernel of the inclusion (L2,M2) → (L1,M1) is, in fact,
(L,M). By viewing M2 ⊂ M1 (and L2 ⊂ L1) this is done by showing M1/M2 ∼= M and
this isomorphism induces a map M1R/M2R (necessarily an isomorphism since Mi MiR
is exact) which carries L1/L2 onto L. Here M1/M2 ∼= M is obvious by the short exact
sequence above: alternatively, if we consider the map pr :M1 → M given by pr(y) = x
we see that pr is a surjection with kernel M2 since FnM = 0. Clearly prR :M1R → MR
maps z1 to z, and hence L1 onto L. If we can show that ker prR|L1 = L2 then the proof
will be complete. Of course, proving that ker prR|L1 = L2 is equivalent to showing that
the annihilator of z in R is the ideal generated by psπe−e′−1. Again from the proof of
(4.1) we have that psπe−e′−1z = 0 as well as V(psπe−e′−1z) = 0 (and so, in particular,
psπe−e′−1z = 0) and hence annR(z) is generated by psπe−e′−1 and we are done. 
Example 5.4. In [12], the smooth resolutions use two identical formal groups. The con-
struction here does not always do so, yet there are instances where the formal groups
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construction gives M1 = E/E(F − V ) and M2 = FM1. Consider the finite R-Honda
system (L,M) with L generated by z = (1 ⊗ x,p−1π ⊗ x). Then L1 is generated by
z1 = (1 ⊗ y,p−1π ⊗ y) and L2 by
z2 =
(
π ⊗ y,p−1π2 ⊗ y)= (π ⊗ y,0)+ (0, u⊗ y)
= (0,p−1π ⊗ Fy)+ (u⊗ Fy,0) = (u⊗ Fy,p−1π ⊗ Fy).
We will now investigate whether (L1,M1) and (L2,M2) are isomorphic. Any isomorphism
φ :M2 → M1 would be of the form Fy → λy, where λ is an invertible element in k.
In order for this to induce an isomorphism of finite R-Honda systems we require that
φR(z2) = az1 for some a ∈ R×. Thus we would need
φR(z2) =
(
u⊗ λy,p−1π ⊗ λy)= (ul ⊗ y,p−1πσ−1(l)⊗ y)= (a ⊗ y,p−1πa ⊗ y)
where l ∈ W× is any lift of λ. This can only happen if ul ≡ a and σ−1(l) ≡ a mod p,
which implies that λ is both ap and u−1a mod p. In the case where k = Fp and π = √−p
(so u = −1) we see that ap ≡ a mod p cannot be congruent to −a mod p, hence no
such isomorphism can exist. However, if π = √p we see that φ(Fy) = y determines an
isomorphism M2 → M1 with φR(z2) = (1 ⊗ y,p−1π ⊗ y) = z1.
6. The calculation of PH(H) and Hopf Galois objects
Given a monogenic R-Hopf algebra H , (5.3) gives a smooth resolution for SpecH using
two one-parameter formal groups. Let iH be the isogeny corresponding to this resolution.
We will now show how these results give insight into Hopf Galois extensions. Recall that
for any R-Hopf algebra H an extension of rings S/R is an H -Galois object if S is a
right H -comodule algebra (via α :S → S ⊗ H) and the map S ⊗ S → S ⊗ H given by
s ⊗ t = (s ⊗ 1)α(t) is an isomorphism. (This is equivalent to saying S/R is H ∗-Galois.)
Such an H is necessarily monogenic, of course, since S ∼= H as H ∗-module algebras. The
previous theorem shows that SpecH has a smooth resolution by one-dimensional formal
groups.
Let PH(H) be the set of isomorphism classes of all extensions S over R such that S/R
is an H -Galois object. This set PH(H) has a group structure, described in [3, p. 195]. Ap-
plying the results of [15] when the smooth resolution is given by one-dimensional formal
groups we know m/iH (m) ∼= PH(H). By [3, 39.5] the map is given by
c −→ R[t]/(iH (t)− c), c ∈ m.
Thus we obtain:
Proposition 6.1. Let H be a monogenic R-Hopf algebra. An R-algebra S is an H -Galois
object if and only if S ∼= R[t]/(iH (t)− c), c ∈ m.
420 A. Koch / Journal of Algebra 286 (2005) 405–420We conclude by giving a result concerning extensions of K . For further applications to
finding maximal orders in Hopf algebras, see [3].
Corollary 6.2. Let γ ∈ K satisfy iH (γ ) ∈ m. Then K[γ ]/K is K ⊗H ∗-Galois.
Proof. Use the above proposition with [3, 12.5] and [17, 5.3.1]. 
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